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In [1] and [2] it is shown that exponential trichotomy is a sufficient condition to ensure the 
existence of ergodic solutions of linear differential and difference quations, respectively, with 
ergodic perturbations. The importance of exponential trichotomy in dynamical systems (see [3- 
10]) has motivated us to answer the question whether this property is also a necessary condition 
for the presence of such solutions. Indeed, this is so. We will begin this note with the study of 
the continuous case and then we will turn to the discrete case which is found to behave similarly. 
Let us consider the class of ergodic functions introduced by Zhang [3-5], 
= = I~(t)ldt = 0 , 
T--*-t-oo 2-T T 
where C(R) is the Banach space of continuous and bounded functions ~ from R to R d with norm 
II ll = supteR I (t)l. 
Consider the linear differential equations 
x'(t) = A(t)x(t), t e R, (1) 
x'(t) = A(t)x(t) + f(t) ,  t e R, (2) 
where A(t) is a continuous and bounded d × d matrix function on R and f E C(R). 
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THEOREM 1. If equation (2) has at least one ergodic solution x • 7='A'Po(R) for every f • 
PATPo(R), equation (1) has an exponential trichotomy on R. 
In the proof we will make use of the following results. 
PROPOSITION 1. (See [6, p. 22].) Let B be a closed subspace of C(R). Suppose that equation (2) 
has a bounded solution on R for every f • B. Then there exists a constant r = rs ~> 0 such that 
for every f • B equation (2) has a solution y(t) which is bounded on R and satisfies [[y[] <_ rl[f] [. 
PROPOSITION 2. (See [7, p. 371].) Suppose equation (1) has bounded growth on R. Then the 
inhomogeneous equation (2) has at least one bounded solution for every function f • C(R) if 
and only if equation (1) has an exponential trichotomy on R. 
PROOF OF THEOREM 1. By Proposition 2 it suffices to find one bounded solution of equation (2) 
for each bounded and continuous inhomogeneous term g. Let B = P.APo(R), which is a closed 
subspace of C(R). From Proposition 1 we obtain a constant r > 0 such that for any f • B there is 
a solution y(t) of equation (2) with [[y[[ < r[[f[[. For a fixed g • C(R) and every T > 0 we can find 
a function f • B with Hf[[ -< fig[[ and f(t)  = g(t),Vt • f-T, T], and then also a bounded solution 
y(t) of equation (2) with My[[ -< r[Ig[[. Taking a sequence {Tk} with limk--.oo Tk = +oo, we get the 
corresponding functions {fk } in B and the solutions {Yk } of equations y'(t) = A (t)y (t) +fk (t) with 
[[fk[[ _< Hg[[, fk(t) = g(t), Vt • [-Tk,Tk], and [[Yk[[ _< r[[gl]. As the sequence of functions {yk(t)} is 
uniformly bounded and uniformly equicontinuous of R, we can assume without loss of generality 
that yk(t) ~ y(t) uniformly on compact subsets of R. Set r /= y(0). Since fk(t) --* g(t) uniformly 
on compact subsets of R, it follows that y(t) is the solution of the equation y'(t) = A(t)y(t)+g(t) 
with initial value y(0) = 77. Evidently, y(t) is bounded on R. The proof is finished. 
Now we turn to the discrete case. Let Z denote the set of integer numbers. We consider the 
Banach space l°°(Z) = {x : Z ~ R d : x is bounded on Z} endowed with the supremum norm 
[[x[[ = supnez [x(n)[. 
In [2] some results on the existence of almost periodic type solutions of linear difference qua- 
tions [8,9] were proved. In particular, for the linear difference quations 
x(n+ 1) = A(n)x(n), n • Z, 
x(n + 1) = A(n)x(n) + f(n),  n • Z, 
(3) 
(4) 
where A(n) is a d x d invertible matrix function function on Z, and for the class of ergodic 
sequences 
PAPo(Z)  = x • / °° (z )  : nnmoo Ix(k)l  = 0 , 
k~--n 
it was proved that if equation (3) has an exponential trichotomy on Z, then for any h = 
{h(n)},~cz • PAPo(Z) ,  equation (4) has a solution y = {y(n)},~ez • PAPo(Z) .  Now we 
state the converse proposition as follows. 
THEOREM 2. If equation (4) has at/east one ergodic solution y = {y(n)}nez • PAPo(Z)  for 
every f = {f(n)  }nez • PATao(Z), then equation (3) has an exponentiaJ trichotomy on Z. 
PROOF. Notice that applying the discrete version of Proposition 1 to the closed subspace of 
/°°(Z), B = PAPo(Z) ,  the construction of a bounded solution of equation (4) for each bounded 
f = {f (n)}nez is done as in the previous case. Then we can conclude by using Proposition 1 
in [10]. 
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